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A n o m a l y  d e t e c t i o n

•Lots of interest recently in anomaly detection — fueled by machine learning
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A  s p e c t r u m  

•Is a fully model-independent approach our goal? 

• What does that mean? 

• Is it the right goal? Is it a reasonable goal?
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Figure 9: Distribution of the four-lepton reconstructed mass in the full mass range for the sum
of the 4e, 2e2µ and 4µ channels. Points with error bars represent the data, shaded histograms
represent the backgrounds, and the unshaded histogram the signal expectation for a mass hy-
pothesis of mH = 126 GeV. Signal and ZZ background are normalized to the SM expectation,
Z + X background to the estimation from data. The expected distributions are presented as
stacked histograms. No events are observed with m4` > 800 GeV.

Table 3: The number of observed candidate events compared to the mean expected background
and signal rates for each final state. Uncertainties include statistical and systematic sources.
The results are given integrated over the full mass measurement range m4` > 100 GeV and for
7 and 8 TeV data combined.

Channel 4e 2e2µ 4µ 4`
ZZ background 77 ± 10 191 ± 25 119 ± 15 387 ± 31
Z + X background 7.4 ± 1.5 11.5 ± 2.9 3.6 ± 1.5 22.6 ± 3.6
All backgrounds 85 ± 11 202 ± 25 123 ± 15 410 ± 31
mH = 500 GeV 5.2 ± 0.6 12.2 ± 1.4 7.1 ± 0.8 24.5 ± 1.7
mH = 800 GeV 0.7 ± 0.1 1.6 ± 0.2 0.9 ± 0.1 3.1 ± 0.2
Observed 89 247 134 470

Table 4: The number of observed candidate events compared to the mean expected background
and signal rates for each final state. Uncertainties include statistical and systematic sources.
The results are integrated over the mass range from 121.5 to 130.5 GeV and for 7 and 8 TeV data
combined.

Channel 4e 2e2µ 4µ 4`
ZZ background 1.1 ± 0.1 3.2 ± 0.2 2.5 ± 0.2 6.8 ± 0.3
Z + X background 0.8 ± 0.2 1.3 ± 0.3 0.4 ± 0.2 2.6 ± 0.4
All backgrounds 1.9 ± 0.2 4.6 ± 0.4 2.9 ± 0.2 9.4 ± 0.5
mH = 125 GeV 3.0 ± 0.4 7.9 ± 1.0 6.4 ± 0.7 17.3 ± 1.3
mH = 126 GeV 3.4 ± 0.5 9.0 ± 1.1 7.2 ± 0.8 19.6 ± 1.5
Observed 4 13 8 25
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A  s p e c t r u m  

•Even our most model-dependent searches have different degrees  

• It is easy to take for granted, but let us be pedantic
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B e y o n d  t h e  s t a n d a r d  m o d e l

•The Standard Model really only had one free parameter (mH) 

• Once mH is specified, so are the cross-section, branching 
ratio, and efficiencies 

• Signal strength   and  is the SM 

•So what is the model that corresponds to ? 

• It is a well-defined statistical model  

• Just scale signal template proportionally 

• But it isn’t a model defined by quantum field theory 

• (Yes, there are some EFTs that map to it)

μ =
σ ⋅ BR

σsm ⋅ BRsm
μ = 1

μ ≠ 1
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and Next-to-Leading Order (NLO) electroweak (EW)
corrections [26, 27]. These results are compiled in
Refs. [28–30]. The cross section for the vector-boson
fusion (qq′ → qq′H) process is estimated at NLO [31–
33] and approximate NNLO QCD [34]. The associated
WH/ZH production processes (qq̄ → WH/ZH) are
computed at NLO [35, 36] and NNLO [37]. The
associated production with a tt̄ pair (qq̄/gg → tt̄H) is
estimated at NLO [38–41]. The Higgs boson produc-
tion cross sections, decay branching ratios [42–45] and
their related uncertainties are compiled in Ref. [46].
The QCD scale uncertainties for mH=120 GeV amount
to +12
−8 % for the gg → H process, ±1% for the

qq′ → qq′H and associated WH/ZH processes, and
+3
−9% for the qq̄/gg → tt̄H process. The uncertainties
related to the parton distribution functions (PDF) for
low mH hypotheses typically amount to ±8% for the
predominantly gluon-initiated processes gg → H and
qq̄/gg → tt̄H, and ±4% for the predominantly quark-
initiated qq′ → qq′H and WH/ZH processes [47–50].
The theoretical uncertainty associated with the ex-
clusive Higgs boson production process with one
additional jet in the H → WW (∗) → ℓ+νℓ′−ν channel
amounts to ±20% and is treated according to the
prescription of Refs. [51–53]. Additional theoretical
uncertainty on the signal normalisation, to account
for effects related to off-shell Higgs boson production
and interference with other SM processes, is assigned
at high Higgs boson masses (mH ! 300 GeV) as
150%×(mH/TeV)3 [53–56].

The detector-related sources of systematic uncer-
tainty are modelled using the following classification:
trigger and identification efficiencies, energy scale and
energy resolution for electrons, photons and for muons;
jet energy scale (JES) and jet energy resolution, which
include a specific treatment for b-jets; contributions to
the EmissT uncertainties uncorrelated with the JES; b-
tagging and b-veto. The effect of these systematic un-
certainties depends on the topology of each final state,
but is typically small compared to that from the theo-
retical prediction of the production cross section. The
only exception is the jet energy scale uncertainty which
can reach ∼20% on the signal yield in channels such as
H → WW → ℓνqq′ and H → ZZ → ℓ+ℓ−qq. The elec-
tron and muon energy scales are directly constrained by
Z → e+e− and Z → µ+µ− events; the impact of the
resulting systematic uncertainty on the four-lepton in-
variant mass is of the order of ∼0.5% for electrons and
negligible for muons. The impact of the photon energy
scale systematic uncertainty on the diphoton invariant
mass is approximately 0.6%.

4. Exclusion Limits
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Figure 3: (a) The combined 95% CL upper limits on the signal
strength as a function of mH ; the solid curve indicates the observed
limit and the dotted curve illustrates the median expected limit in the
absence of a signal together with the ±1σ (dark) and ±2σ (light)
bands. (b) The local p0 as a function of the mH hypothesis. The
dashed curve indicates the median expected value for the hypothesis
of a SM Higgs boson signal at that mass. The four horizontal dashed
lines indicate the p0 values corresponding to significances of 2σ, 3σ,
4σ and 5σ. (c) The best-fit signal strength as a function of the mH
hypothesis. The band shows the interval around µ̂ corresponding to
region where −2 ln λ(µ) < 1.

The signal strength, µ, is defined as µ = σ/σSM,
where σ is the Higgs boson production cross section
being tested and σS M its SM value; it is a single fac-
tor used to scale all signal production processes for a
given mH hypothesis. The combination procedure of
Refs. [52, 57, 58] is based on the profile likelihood ratio
test statistic λ(µ) [59], which extracts the information
on the signal strength from the full likelihood including
all the parameters describing the systematic uncertain-
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B e y o n d  t h e  s t a n d a r d  m o d e l

•Here we even consider , which would correspond 
to a negative number of signal events.  

• That doesn’t make sense physically 

• The statistical model is well defined as long as the 
total number of events is positive  

• It indicates a deficit of events 

• In other cases, destructive quantum mechanical 
interference might lead to such a deficit of events 

•

μ < 0
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and Next-to-Leading Order (NLO) electroweak (EW)
corrections [26, 27]. These results are compiled in
Refs. [28–30]. The cross section for the vector-boson
fusion (qq′ → qq′H) process is estimated at NLO [31–
33] and approximate NNLO QCD [34]. The associated
WH/ZH production processes (qq̄ → WH/ZH) are
computed at NLO [35, 36] and NNLO [37]. The
associated production with a tt̄ pair (qq̄/gg → tt̄H) is
estimated at NLO [38–41]. The Higgs boson produc-
tion cross sections, decay branching ratios [42–45] and
their related uncertainties are compiled in Ref. [46].
The QCD scale uncertainties for mH=120 GeV amount
to +12
−8 % for the gg → H process, ±1% for the

qq′ → qq′H and associated WH/ZH processes, and
+3
−9% for the qq̄/gg → tt̄H process. The uncertainties
related to the parton distribution functions (PDF) for
low mH hypotheses typically amount to ±8% for the
predominantly gluon-initiated processes gg → H and
qq̄/gg → tt̄H, and ±4% for the predominantly quark-
initiated qq′ → qq′H and WH/ZH processes [47–50].
The theoretical uncertainty associated with the ex-
clusive Higgs boson production process with one
additional jet in the H → WW (∗) → ℓ+νℓ′−ν channel
amounts to ±20% and is treated according to the
prescription of Refs. [51–53]. Additional theoretical
uncertainty on the signal normalisation, to account
for effects related to off-shell Higgs boson production
and interference with other SM processes, is assigned
at high Higgs boson masses (mH ! 300 GeV) as
150%×(mH/TeV)3 [53–56].

The detector-related sources of systematic uncer-
tainty are modelled using the following classification:
trigger and identification efficiencies, energy scale and
energy resolution for electrons, photons and for muons;
jet energy scale (JES) and jet energy resolution, which
include a specific treatment for b-jets; contributions to
the EmissT uncertainties uncorrelated with the JES; b-
tagging and b-veto. The effect of these systematic un-
certainties depends on the topology of each final state,
but is typically small compared to that from the theo-
retical prediction of the production cross section. The
only exception is the jet energy scale uncertainty which
can reach ∼20% on the signal yield in channels such as
H → WW → ℓνqq′ and H → ZZ → ℓ+ℓ−qq. The elec-
tron and muon energy scales are directly constrained by
Z → e+e− and Z → µ+µ− events; the impact of the
resulting systematic uncertainty on the four-lepton in-
variant mass is of the order of ∼0.5% for electrons and
negligible for muons. The impact of the photon energy
scale systematic uncertainty on the diphoton invariant
mass is approximately 0.6%.
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Figure 3: (a) The combined 95% CL upper limits on the signal
strength as a function of mH ; the solid curve indicates the observed
limit and the dotted curve illustrates the median expected limit in the
absence of a signal together with the ±1σ (dark) and ±2σ (light)
bands. (b) The local p0 as a function of the mH hypothesis. The
dashed curve indicates the median expected value for the hypothesis
of a SM Higgs boson signal at that mass. The four horizontal dashed
lines indicate the p0 values corresponding to significances of 2σ, 3σ,
4σ and 5σ. (c) The best-fit signal strength as a function of the mH
hypothesis. The band shows the interval around µ̂ corresponding to
region where −2 ln λ(µ) < 1.

The signal strength, µ, is defined as µ = σ/σSM,
where σ is the Higgs boson production cross section
being tested and σS M its SM value; it is a single fac-
tor used to scale all signal production processes for a
given mH hypothesis. The combination procedure of
Refs. [52, 57, 58] is based on the profile likelihood ratio
test statistic λ(µ) [59], which extracts the information
on the signal strength from the full likelihood including
all the parameters describing the systematic uncertain-
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B e y o n d  t h e  s t a n d a r d  m o d e l

•Many production and decay modes 

• Can consider deviations from the SM  

• Not a valid QFT, but it was practical

10
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in the SM, the individual channels must separate the signal contribution from various production modes.125

A test of the SM combining multiple decay modes is complicated by the fact that the underlying cou-126

plings between the Higgs and other particles affect both the production and the decay. Furthermore,127

parametrization of these effects is subject to a number of assumptions on the presence or absence of new128

particle states in loop-induced couplings and unobserved decay modes affecting the total width of the129

Higgs boson.130

Since several Higgs boson production modes are available at the LHC, results shown in two dimen-131

sional plots require either some µi to be fixed or several µi to be related. No direct tt̄H production has132

been observed yet, hence the strength factor µggF for gluon fusion production (ggF) and the very small133

contribution of µttH have been grouped together as they scale dominantly with the ttH coupling in the134

SM and are denoted by the common parameter µggF+tt̄H . Similarly, µVBF and µVH have been grouped135

together as they scale with the WH/ZH gauge coupling in the SM and are denoted by the common136

parameter µVBF+VH . The resulting contours for the H→ γγ, H→ZZ(∗)→ 4ℓ and H → ττ channels at137

mH=125.5 GeV are shown in Fig. 2.138
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Figure 2: Likelihood contours for the H→ γγ, H→ZZ(∗)→ 4ℓ, H→WW (∗)→ ℓνℓν and H → ττ channels
in the (µggF+tt̄H , µVBF+VH) plane for a Higgs boson mass hypothesis of mH = 125.5 GeV. Both µggF+tt̄H
and µVBF+VH are modified by the branching ratio factor B/BSM, which can be different for all final states.
The quantity µggF+tt̄H (µVBF+VH) is a common scale factor for the gluon fusion and tt̄H (VBF and VH)
production cross sections. The best fit to the data (×) and 68% (full) and 95% (dashed) CL contours are
also indicated, as well as the SM expectation (+).

The factors µi are not constrained to be positive in order to illustrate a deficit of events from the139

corresponding production process. As described in Ref. [12], while the signal strengths may be negative,140

the total probability density function must remain positive everywhere, and hence the total number of141

expected signal+background events has to be positive everywhere. This restriction is responsible for142

the sharp cutoff in the H→ZZ(∗)→ 4ℓ contour. It should be noted that each contour refers to a different143

branching fraction B/BSM, hence a direct combination of the contours from different final states is not144

possible.145
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Figure 10: Fits for benchmark models described in Equation (44) probing contributions from non-SM
particles in the H→ γγ and gg → H loops, assuming no sizeable extra contributions to the total width:
(a) correlation of the coupling scale factors κγ and κg; (b) coupling scale factor κγ (κg is profiled);
(c) coupling scale factor κg (κγ is profiled). The dashed curves in (b) and (c) show the SM expectation.
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Figure 11: Fits for benchmark models described in Equations (47,48) probing contributions from non-
SM particles in the H→ γγ and gg → H loops, while allowing for potential extra contributions to the
total width: (a) branching fraction Bi,u = BRinv.,undet. to invisible or undetectable decay modes (κγ and κg
are profiled); (b) coupling scale factor κγ (κg and BRinv.,undet. are profiled); (c) coupling scale factor κg
(κγ and BRinv.,undet. are profiled). The dashed curves show the SM expectation.
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B a c k g r o u n d  o n l y ?

•Also, what is the “background-only” 
hypothesis here? 

• The Higgs is needed for the SM 
to work  

• “SM background-only” without 
the Higgs isn’t meaningful 

• We don’t have an unique, 
operationally defined, consistent 
QFT to serve as the “null 
hypothesis” 

•In practice, “ignore” Higgs 
component of the SM prediction

11
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Figure 9: Distribution of the four-lepton reconstructed mass in the full mass range for the sum
of the 4e, 2e2µ and 4µ channels. Points with error bars represent the data, shaded histograms
represent the backgrounds, and the unshaded histogram the signal expectation for a mass hy-
pothesis of mH = 126 GeV. Signal and ZZ background are normalized to the SM expectation,
Z + X background to the estimation from data. The expected distributions are presented as
stacked histograms. No events are observed with m4` > 800 GeV.

Table 3: The number of observed candidate events compared to the mean expected background
and signal rates for each final state. Uncertainties include statistical and systematic sources.
The results are given integrated over the full mass measurement range m4` > 100 GeV and for
7 and 8 TeV data combined.

Channel 4e 2e2µ 4µ 4`
ZZ background 77 ± 10 191 ± 25 119 ± 15 387 ± 31
Z + X background 7.4 ± 1.5 11.5 ± 2.9 3.6 ± 1.5 22.6 ± 3.6
All backgrounds 85 ± 11 202 ± 25 123 ± 15 410 ± 31
mH = 500 GeV 5.2 ± 0.6 12.2 ± 1.4 7.1 ± 0.8 24.5 ± 1.7
mH = 800 GeV 0.7 ± 0.1 1.6 ± 0.2 0.9 ± 0.1 3.1 ± 0.2
Observed 89 247 134 470

Table 4: The number of observed candidate events compared to the mean expected background
and signal rates for each final state. Uncertainties include statistical and systematic sources.
The results are integrated over the mass range from 121.5 to 130.5 GeV and for 7 and 8 TeV data
combined.

Channel 4e 2e2µ 4µ 4`
ZZ background 1.1 ± 0.1 3.2 ± 0.2 2.5 ± 0.2 6.8 ± 0.3
Z + X background 0.8 ± 0.2 1.3 ± 0.3 0.4 ± 0.2 2.6 ± 0.4
All backgrounds 1.9 ± 0.2 4.6 ± 0.4 2.9 ± 0.2 9.4 ± 0.5
mH = 125 GeV 3.0 ± 0.4 7.9 ± 1.0 6.4 ± 0.7 17.3 ± 1.3
mH = 126 GeV 3.4 ± 0.5 9.0 ± 1.1 7.2 ± 0.8 19.6 ± 1.5
Observed 4 13 8 25
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W h a t  i f  t h e r e  w a s  n o  H i g g s  b o s o n ?

•In the run up to the SSC and LHC, arguments based on “No-Lose Theorem” 

• Either we will see a light Higgs in high energy collisions, or 

• We will see strong WW, WZ, ZZ scattering  

•Generic prediction, but details depend on specific theory 

12
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W h a t  i s  t h e  b a c k g r o u n d - o n l y  m o d e l  h e r e ?

•In the case of Higgs to two photons, the 
background-only hypothesis isn’t really based 
on QFT at all 

• There is a sizable background from jets 
faking photons, which is depends on details 
of jets and detector performance, hard to 
predict from first principles 

• Instead, we fit the background with a 
smooth function 

•The null hypothesis is a 4th order polynomial!  

• This choice was informed / validated with 
simulated data, but we should recognize it 
for what it is

13



Ta k e a w a y

•The main point of the slides above is that: 

• Statistical model used for hypothesis test was always well defined, but 

• the connection of that statistical model to quantum field theory varies 

• Many reasonable assumptions that we have become used to as a field 

• Easy to take for granted and be blind to them 

• Or we can use these as baby-steps for a more “model independent” strategy 
by loosening the connection to QFT while maintaining some intuitive notions 
for what we mean by background and signal (or null / alternate hypothesis)

14



Searching without an alternate 
(aka  Goodness of fit / Out of Distribution Detection / Anomaly Detection) 

isn’t a well defined goal  
(It is underspecified)



A n o m a l y  d e t e c t i o n

•Lots of interest recently in anomaly detection — fueled by machine learning 

• Formally the same as Goodness-of-Fit or Out-of-Distribution detection

16
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• If the p-value is small, reject the null
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G o o d n e s s - o f - f i t

•Problem: There is no unique choice for 
the test statistic, giving rise to a large 
number of goodness-of-fit tests 

• Can ask about the “power” of a GoF 
test to detect a given alternate

18

Supplemental Studies for Simultaneous Goodness-of-Fit
Testing

Dr. Wolfgang Rolke, Dept. of Mathematical Sciences, University of Puerto Rico - Mayaguez

December 7, 2020

Abstract

Testing to see whether a given data set comes from some specified distribution is among
the oldest types of problems in Statistics. Many such tests have been developed and their
performance studied. The general result has been that while a certain test might perform
well, aka have good power, in one situation it will fail badly in others. This is not a surprise
given the great many ways in which a distribution can di↵er from the one specified in the
null hypothesis. It is therefore very di�cult to decide a priori which test to use. The
obvious solution is not to rely on any one test but to run several of them. This however
leads to the problem of simultaneous inference, that is, if several tests are done even if the
null hypothesis were true, one of them is likely to reject it anyway just by random chance.
In this paper we present a method that yields a p value that is uniform under the null
hypothesis no matter how many tests are run. This is achieved by adjusting the p value via
simulation. We present a number of simulation studies that show the uniformity of the p
value and others that show that this test is superior to any one test if the power is averaged
over a large number of cases.

Keywords: Kolmogorov-Smirnov, Anderson-Darling, Shapiro-Wilk, Neyman Smooth test, Power,
Monte Carlo Simulation
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•Problem: There is no unique choice for 
the test statistic, giving rise to a large 
number of goodness-of-fit tests 

• Can ask about the “power” of a GoF 
test to detect a given alternate
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Supplemental Studies for Simultaneous Goodness-of-Fit
Testing

Dr. Wolfgang Rolke, Dept. of Mathematical Sciences, University of Puerto Rico - Mayaguez

December 7, 2020

Abstract

Testing to see whether a given data set comes from some specified distribution is among
the oldest types of problems in Statistics. Many such tests have been developed and their
performance studied. The general result has been that while a certain test might perform
well, aka have good power, in one situation it will fail badly in others. This is not a surprise
given the great many ways in which a distribution can di↵er from the one specified in the
null hypothesis. It is therefore very di�cult to decide a priori which test to use. The
obvious solution is not to rely on any one test but to run several of them. This however
leads to the problem of simultaneous inference, that is, if several tests are done even if the
null hypothesis were true, one of them is likely to reject it anyway just by random chance.
In this paper we present a method that yields a p value that is uniform under the null
hypothesis no matter how many tests are run. This is achieved by adjusting the p value via
simulation. We present a number of simulation studies that show the uniformity of the p
value and others that show that this test is superior to any one test if the power is averaged
over a large number of cases.

Keywords: Kolmogorov-Smirnov, Anderson-Darling, Shapiro-Wilk, Neyman Smooth test, Power,
Monte Carlo Simulation
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Figure 3: Power of various tests if null hypothesis specifies the standard normal distribution and

the true distribution is a t with degrees of freedom going from 3 to 60.

5.2.2 Normal(0, 1) vs t, Figure 3

The setup is the same as above but the now the mean and standard deviation are fixed.
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T h e  N e y m a n - P e a r s o n  L e m m a

20

The Neyman & Pearson’s Theory

In 1928-1938 Neyman & Pearson developed a theory in which one
must consider competing Hypotheses:

- the Null Hypothesis H0 (background only)

- the Alternate Hypothesis H1 (signal-plus-background)

Given some probability that we wrongly reject the Null Hypothesis

α = P (x /∈ W |H0)

Find the region W such that we minimize the probability of wrongly
accepting the H0 (when H1 is true)

β = P (x ∈ W |H1)

April 11, 2005

EFI High Energy Physics Seminar

Modern Data Analysis Techniques

for High Energy Physics (page 6)

Kyle Cranmer

Brookhaven National Laboratory

(Convention: if data falls in W then we accept H0)



The region W that minimizes the probability of wrongly accepting H0     
is just a contour of the Likelihood Ratio

Any other region of the same size will have less power 

The likelihood ratio is an example of a Test Statistic, eg. a real-
valued function that summarizes the data in a way relevant to the 
hypotheses that are being tested

T h e  N e y m a n - P e a r s o n  L e m m a

21

P (x|H1)
P (x|H0)

> k�



T h e  N e y m a n - P e a r s o n  L e m m a

•You can also read the Neyman-Pearson lemma backwards to reverse engineer an 
alternate “H1” for which a given GoF test statistic  is powerful 

•

T(x)

22

p(x |H1)
p(x |H0)

= LR(x) p(x |"H1") ∝ T(x) ⋅ p(x |H0)



A n  i m p o s s i b i l i t y  r e s u l t

•However, for any GoF test statistic  there is also 
an entire family of alternates where the distribution 
of  is the same as for the null 

• e.g. the GoF test is just doing random guessing 

• See: https://arxiv.org/abs/2107.06908  

•Applies to “out-of-distribution detection” and 
“anomaly detection” as well

T(x)

T(x)
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Understanding Failures in Out-of-Distribution Detection with
Deep Generative Models

Lily H. Zhang 1 Mark Goldstein 1 Rajesh Ranganath 1

Abstract
Deep generative models (DGMs) seem a natu-
ral fit for detecting out-of-distribution (OOD) in-
puts, but such models have been shown to assign
higher probabilities or densities to OOD images
than images from the training distribution. In
this work, we explain why this behavior should
be attributed to model misestimation. We first
prove that no method can guarantee performance
beyond random chance without assumptions on
which out-distributions are relevant. We then in-
terrogate the typical set hypothesis, the claim that
relevant out-distributions can lie in high likeli-
hood regions of the data distribution, and that
OOD detection should be defined based on the
data distribution’s typical set. We highlight the
consequences implied by assuming support over-
lap between in- and out-distributions, as well as
the arbitrariness of the typical set for OOD detec-
tion. Our results suggest that estimation error is a
more plausible explanation than the misalignment
between likelihood-based OOD detection and out-
distributions of interest, and we illustrate how
even minimal estimation error can lead to OOD
detection failures, yielding implications for fu-
ture work in deep generative modeling and OOD
detection.

1. Introduction
Predictive models have little guarantee in performance on
inputs that differ from the training distribution. Thus, detect-
ing such out-of-distribution (OOD) inputs is an important
step towards safe and reliable machine learning (Amodei
et al., 2016). OOD detection has been formalized as the task
of identifying points with low likelihood1 under the training

1New York University. Correspondence to: Lily H. Zhang
<lily.h.zhang@nyu.edu>.

Proceedings of the 38 th International Conference on Machine
Learning, PMLR 139, 2021. Copyright 2021 by the author(s).

1As is common in the literature, we will use “likelihood” to
refer to the probability or density of a sample under a distribution,

distribution, estimated via a model (Bishop, 1994).

Deep generative models (DGMs) estimate complex distri-
butions from often high-dimensional inputs and produce
high-quality simulations (Salimans et al., 2017; Chen et al.,
2018; Kingma & Dhariwal, 2018). However, explicit likeli-
hood DGMs (e.g. autoregressive models, normalizing flows)
have been shown to assign higher likelihood to unrelated
inputs than even those from the training distribution. For in-
stance, a model trained on Fashion-MNIST, an image dataset
of clothing items, assigns higher likelihoods to MNIST im-
ages. The same is true for the training distribution (or
in-distribution) CIFAR-10, a dataset of animals and vehi-
cles, and the OOD distribution (or out-distribution) SVHN,
a dataset of house numbers. For such dataset pairs, OOD
detection based on explicit likelihood DGMs performs worse
than random chance (Nalisnick et al., 2019a; Hendrycks
et al., 2019).

This observation has motivated many alternative methods
for OOD detection which employ the same DGMs but mod-
ify how they are used (Ren et al., 2019; Serrà et al., 2020;
Schirrmeister et al., 2020; Choi et al., 2018; Nalisnick et al.,
2019b; Wang et al., 2020; Morningstar et al., 2021). While
these methods have been successful in empirical bench-
marks, we prove that all methods are powerless against
some set of out-distributions (Section 2.2). This result ap-
plies to any detection method, regardless of whether DGMs
are involved, and highlights the need to specify the out-
distributions of interest for the task.

Some works have suggested that the failure of deep genera-
tive models to assign low likelihood to OOD points is not a
model failure; rather, out-distributions of interest can lie in
high likelihood regions of the data distribution. (To explain
why points with high likelihood are never observed among
samples from the data distribution, these works mention
that points assigned high density or probability under the
training distribution may lie within regions of small overall
probability.) A method that identifies low likelihood points
as OOD will fail to detect such out-distributions, so existing
works suggest instead to flag as OOD any point which falls

even though the statistical definition of the term refers to a function
of the parameters given fixed data.

Understanding Failures in Out-of-Distribution Detection with Deep Generative Models

outside a distribution’s typical set, a set that contains the
majority of the probability mass of a distribution but not
necessarily the highest density or probability points (Choi
et al., 2018; Nalisnick et al., 2019b; Wang et al., 2020; Morn-
ingstar et al., 2021). This typical set hypothesis—the idea
that relevant out-distributions are determined based on the
typical set of a distribution—assumes that OOD regions can
lie in the support of the data distribution.

In this work, we highlight problems with the typical set
hypothesis (Section 3.1). First, the hypothesis assumes that
relevant out-distributions (e.g. SVHN) can overlap in support
with the data distribution (e.g. CIFAR-10). However, when
the in- and out-distribution overlap, there is an irresolvable
upper bound on OOD detection performance (Section 3.2),
and even a perfect model of the in-distribution can yield
worse OOD detection than a misestimated one (Section 3.3).
A preference for the typical set over other similar sets is
also arbitrary for OOD detection (Section 3.4). These results
highlight the implausibility of the typical set hypothesis and
its support overlap assumption.

In our experiments, we offer empirical demonstrations of the
analyses presented. First, given an OOD detection method
and a specific in-distribution, we provide examples of out-
distributions that the method fails to distinguish from the
in-distribution (Section 4.1). Then, we showcase an instance
where a partially trained DGM yields better OOD detection
than the true distribution of the data when supports overlap
between the in- and out-distribution (Section 4.2).

Based on the implausible implications of the typical set
hypothesis, we conclude that the high likelihoods assigned
to certain OOD images are instead due to model estimation
error. First, it is reasonable to believe that existing dataset
pairs have disjoint (rather than overlapping) support, as one
would not expect to draw a house number from the CIFAR-
10 distribution, or a digit from the Fashion-MNIST distribu-
tion, even given infinite samples. This implies that existing
models mistakenly assign high probability or density where
they should be assigning zero. We demonstrate how even a
model with good generation quality and heldout likelihood
can still exhibit OOD failures (Section 5.1). We then discuss
what this perspective of estimation error implies for DGMs
and OOD detection (Section 5.2). We illustrate how recent
methods that were motivated by the typical set hypothesis
may instead correct for model estimation error, and we sug-
gest future modeling directions to improve DGMs for OOD
detection.

2. Defining OOD Detection
OOD detection has been defined as the task of identify-
ing “whether a test example is from a different distribu-
tion from the training data” (Hendrycks & Gimpel, 2017).

Here, we illustrate why it is critical to specify the out-
distributions to consider. In fact, without any constraints on
out-distributions, the task of OOD detection is impossible.

In this section, we first formalize the broadest form for
OOD detection as a single-sample goodness-of-fit test (Sec-
tion 2.1). We then prove that no method can guarantee
better than random chance performance under this task defi-
nition (Section 2.2). We conclude that any formal analysis
of an OOD detection method must take into account the
out-distributions which define the task.

2.1. OOD Detection as Goodness-of-fit Testing

In its unconstrained form, OOD detection can be formalized
as a single-sample hypothesis test (Nalisnick et al., 2019b;
Serrà et al., 2020; Wang et al., 2020); given a sample x,
the test decides whether to reject the null hypothesis that
a sample was drawn from the data distribution P , in favor
of an alternative hypothesis that the sample came from a
distribution other than P :

H0 : x ⇠ P

HA : x ⇠ Q 2 Q, P 62 Q.

The decision to reject or not reject the null hypothesis (i.e.
mark a sample OOD) is based on the value of a predeter-
mined test statistic �, which can be any arbitrary function of
a single sample x. In our analysis, we focus on test statistics
which directly utilize knowledge of the input distribution P

or an estimate of it via a deep generative model P✓. P✓ can
be either a continuous distribution, as is the case for normal-
izing flows (Dinh et al., 2015; 2017; Kingma & Dhariwal,
2018), or a discrete distribution, as is the case for existing
autoregressive models (Salimans et al., 2017; Oord et al.,
2016a;b; Chen et al., 2018). An example of a test statistic
is � = log p✓, where p✓(x) denotes either the probability of
an observation for a discrete distribution or the density of
an observation with respect to the Lebesgue measure for a
continuous distribution. This test statistic is often accom-
panied by the rejection rule �(x) < k, i.e. reject as OOD
points where log p(x) is low. We discuss various choices
of test statistics, including those which do and do not use a
direct estimate of P , in the related work in Section 6.

In order to determine whether an input should be processed
through a given classifier, OOD tests must make decisions on
a single sample at a time. This stands in contrast with most
goodness-of-fit testing setups that make a decision based on
a collection of samples. We discuss the challenges of this
single-sample formulation in Section 2.2.

The quality of a test is measured by its ability to correctly de-
tect OOD samples without flagging in-distribution samples
as OOD. The proportion of OOD samples detected, known
as the true positive rate or power of a test, can be plotted
as a function of the proportion of in-distribution samples
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incorrectly rejected, known as the false positive rate or size
of a test. This is equivalent to a receiver operating charac-
teristic (ROC) curve, and the area under the curve (AUC) can
be seen as the area under the power vs. size curve.

Using this general formulation of OOD detection, we can
now interrogate OOD detection methods more broadly by
abstracting away the choice of test statistic �.

2.2. OOD Detection as a Single-Sample Distributional
Test is Impossible

OOD detection defined as a single-sample goodness-of-fit
test is a challenging classification task given that the out-
distributions are unknown. To remove the effect of misesti-
mation, we consider test statistics which can use knowledge
of the true in-distribution P via its density or probability
function, denoted �p : X ! R. We now present an impos-
sibility result: no test can do well against all alternatives.

Proposition 1. Let P be the distribution under the null
hypothesis H0. Let µ be the measure associated with the
distribution of test statistic �p(x) under the null. Then,
assuming the conditional x |�p(x) is not degenerate on a
µ-non-measure zero set, there exists a set of alternative
distributions Q 2 Q where Q 6=d P and the test has power
equal to the false positive rate. In other words, the test does
no better than random guessing.

Proof. See Appendix A. The proof sketch is as follows:
First we construct distributions Q 2 Q for which the distri-
bution of �p(x) is the same but the distribution of x|�p(x)
differs when x ⇠ P and x ⇠ Q for all �p(x) in a non-
measure-zero set �. This implies q(x) 6=d p(x). We show
that the power of the test for any rejection rule for such
a pair P,Q is equal to the false positive rate for all false
positive rates, which is equivalent to random guessing.

Proposition 1 demonstrates that no test statistic can be useful
for all possible out-distributions. In the context of single-
sample distributional testing, all proposed test statistics are
trading off power against different out-distributions. This
means that, without additional assumptions on the family
of alternative hypotheses for OOD detection, no test statistic
can be uniformly better across out-distributions than another.
To build intuition behind the proposition, imagine that X is
the space of d-dimensional reals Rd and the in-distribution
has a density with respect to the d-dimensional Lebesgue
measure. The test statistic is a function that maps from
Rd ! R; thus, the statistic is a one-dimensional projection
of the distribution. In the same way that not all differences
in two multivariate distributions can be assessed by looking
at a single marginal, not all the differences between P and
Q can be assessed by looking at their projections on the test
statistic. This result is focused on the single-sample formu-

lation of OOD detection and holds even for test statistics
which are consistent in power asymptotically.

An Example: Using log p as a test statistic. When the
test statistic is the log probability or density, the set of al-
ternative distributions Q 2 Q that cannot be distinguished
from P are those which yield the same distribution of log
probabilities or densities under P . These are distributions
which collapse any of the level sets of P . As an example in
the discrete case, imagine a countable sample space and a
distribution P where c of the elements are given the same
probability. Any distribution Q which moves the total prob-
ability of the c elements in P to any subset of these elements
will share the same distribution of probability under P . The
analogue for continuous distributions Rd is collapsing level
sets of dimension Rd�1. We illustrate the phenomenon with
an example in the continuous case in Section 4.1.

Proposition 1 emphasizes the need to specify the family of
relevant out-distributions for OOD detection. For instance,
likelihood ratio test statistics (Ren et al., 2019; Serrà et al.,
2020; Schirrmeister et al., 2020) are optimal when the al-
ternative hypothesis is correctly specified, but like all test
statistics, they trade off power in some other alternative;
therefore, comparing different likelihood ratios (and test
statistics in general) is only useful when the family of out-
distributions is formalized and standardized.

Like any test statistic, � = log p works well for some out-
distributions (those whose samples have zero or low like-
lihood under the data distribution) but poorly for others
(those whose samples have high likelihood under the data
distribution). Whether the latter such out-distributions are
relevant for OOD detection is a central question underlying
our analysis of the typical set hypothesis.

3. The Implausibility of the Typical Set
Hypothesis

Nalisnick et al. (2019a); Hendrycks et al. (2019) observed
that DGMs trained on CIFAR-10 samples assign higher likeli-
hoods to SVHN images, and DGMs trained on FashionMNIST
samples assign higher likelihoods to MNIST images. The ex-
planation for these observations can either be A. such OOD
samples do have high likelihoods under the data distribution,
or B. these OOD samples only have high likelihoods under
the model distribution due to estimation error. The typical
set hypothesis argues for the former, that out-distributions
can lie in high probability or density regions of the data
distribution. A test based on the log p test statistic and
�(x) < k rejection rule lacks power, even under the perfect
model, to detect out-distributions whose samples have high
likelihood under the data distribution, and the typical set
hypothesis assumes that SVHN is such an out-distribution
relative to CIFAR-10, as is MNIST to Fashion-MNIST. In this

https://arxiv.org/abs/2107.06908

https://arxiv.org/abs/2107.06908
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N o  F r e e  L u n c h  T h e o r e m  f o r  S e a r c h  &  O p t i m i z a t i o n

•A similar impossibility theorem exists in machine learning (formulated here as an  
optimization problem or search) 

• “any two optimization algorithms are equivalent when their performance is 
averaged across all possible problems”. 

• “We have dubbed the associated results NFL  
theorems because they demonstrate that  
if an algorithm performs well on a certain class  
of problems then it necessarily pays for that with  
degraded performance on the set of all  
remaining problems.”

26Wolpert and Macready, "No Free Lunch Theorems for Search" 

https://www.semanticscholar.org/paper/No-Free-Lunch-Theorems-for-Search-Wolpert-Macready/93a7f5b7f51622430a4a4d4002152b277e4be470?p2df


R e a l  w o r l d  d a t a  h a s  s t r u c t u r e

•But real world data has structure inherited from the causal mechanism that generated it 

• If we bias our models away from irrelevant, unphysical possibilities we can do better

27

Random image 
(no structure)

Natural image 
(rich structure)



I n d u c t i v e  B i a s

•A major tool of deep learning: convolutional neural networks 

• the world is compositional ⇒ hierarchical architecture 

• images are translationally invariant ⇒ convolutions

28image credit: MathWorks

https://www.mathworks.com/help/nnet/convolutional-neural-networks.html
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The brown
dog jumped. The

brown dog

jumped

(a) (b)

(c) (d)

(e) (f)

Molecule Mass-Spring System

n-body System Rigid Body System

Sentence and Parse Tree Image and Fully-Connected Scene Graph

Figure 2: Di↵erent graph representations. (a) A molecule, in which each atom is represented as a
node and edges correspond to bonds (e.g. Duvenaud et al., 2015). (b) A mass-spring system, in
which the rope is defined by a sequence of masses which are represented as nodes in the graph (e.g.
Battaglia et al., 2016; Chang et al., 2017). (c) A n-body system, in which the bodies are nodes and
the underlying graph is fully connected (e.g. Battaglia et al., 2016; Chang et al., 2017). (d) A rigid
body system, in which the balls and walls are nodes, and the underlying graph defines interactions
between the balls and between the balls and the walls (e.g. Battaglia et al., 2016; Chang et al., 2017).
(e) A sentence, in which the words correspond to leaves in a tree, and the other nodes and edges
could be provided by a parser (e.g. Socher et al., 2013). Alternately, a fully connected graph could
be used (e.g. Vaswani et al., 2017). (f) An image, which can be decomposed into image patches
corresponding to nodes in a fully connected graph (e.g. Santoro et al., 2017; Wang et al., 2018c).

of mass of a solar system comprised of n planets, whose attributes (e.g., mass, position, velocity,
etc.) are denoted by {x1,x2, . . . ,xn}. For such a computation, the order in which we consider the
planets does not matter because the state can be described solely in terms of aggregated, averaged
quantities. However, if we were to use a MLP for this task, having learned the prediction for a
particular input (x1,x2, . . . ,xn) would not necessarily transfer to making a prediction for the same
inputs under a di↵erent ordering (xn,x1, . . . ,x2). Since there are n! such possible permutations, in
the worst case, the MLP could consider each ordering as fundamentally di↵erent, and thus require
an exponential number of input/output training examples to learn an approximating function.
A natural way to handle such combinatorial explosion is to only allow the prediction to depend
on symmetric functions of the inputs’ attributes. This might mean computing shared per-object

8

Insight of data generating process informs 
inductive bias on architecture

Image credit: Battaglia, et. al. arXiv:1806.01261  
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Is bias bad?



T h e  t e r m  “ b i a s ”

•The term “bias” is highly overloaded and used in many ways 

• Generally, “bias” carries a negative connotation or is pejorative 

• “To be biased” is considered bad 

•In the context of model-independent searches, we often hear “bias” being used 
informally, e.g.  

• “We chose a model-independent approach to avoid theory bias” 

• “To remove theory bias and model-dependence in …” 

•But what does this mean more formally? … and is it bad?

32



E s t i m a t o r s  &  B i a s

•Given some statistical model   and a set of observations {xi} often one wants 
to estimate the true value of α (assuming the model is true). 

•An estimator is function of the data written  

• Since the data are random, so is the resulting estimate 

• one can compute expectation of the estimator 

•Properties of estimators: 
• bias                            (“unbiased” means bias of estimator 0 for all true ) 

• variance

p(x |α)

α

33

↵̂(x1, . . . xn)

E[↵̂(x)|↵]� ↵

E[(↵̂(x)� ↵)2|↵] =
Z

(↵̂(x)� ↵)2f(x|↵)dx

E[↵̂(x)|↵] =
Z

↵̂(x)f(x|↵)dx



B i a s  a s  a  t e r m

•Relaxing the language a bit, one might think of “bias” as: 

• When average result from procedure doesn’t recover the ground-truth target 

• Preferring a priori one option to another without explicit evidence 

•In a Bayesian language, one would usually use Bayes theorem  

• Posterior(theory | data)  Likelihood(data | theory) ⋅ Prior(theory) 

• In general, Bayesian approaches are “biased” towards the prior

∝

34



C r a m é r- R a o  B o u n d

The minimum variance bound on an unbiased estimator is given by the Cramér-Rao bound: 

Where  is the Fisher information matrix  

Maximum Likelihood Estimators asymptotically reach this bound

I

35
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J a m e s - S t e i n  E s t i m a t o r  

•Consider a standard multivariate Gaussian distribution for x⃗ in n dimensions 

centered around µ⃗ 

•Goal: minimize mean-squared error 

36
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J a m e s - S t e i n  E s t i m a t o r  

•Consider a standard multivariate Gaussian distribution for x⃗ in n dimensions 
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J a m e s - S t e i n  E s t i m a t o r

•The James-Stein estimator seems like a horrible suggestion 
 
 

• clearly biased (MLE is not) 

• shifts towards origin is not  
translationally invariant  
x → x’ = x+Δ
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J a m e s - S t e i n  E s t i m a t o r

•The James-Stein estimator seems like a horrible suggestion 
 
 

• clearly biased (MLE is not) 

• shifts towards origin is not  
translationally invariant  
x → x’ = x+Δ

37

•Yet, it has smaller mean squared  
error than MLE for n>2 ! 

• it “dominates” the MLE
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B i a s  -  Va r i a n c e  Tr a d e o f f

•Best understood in terms of Bias - Variance tradeoff 

•Most physicist are allergic to the idea of a biased estimator 

• try to find unbiased estimator with smallest variance 

• hence importance of Cramér-Rao bound 

•But what if we just want to minimize the mean-squared error? 

•it decomposes like this 

•So it encodes some relative weight to bias and variance. Need to think harder!
38

MSE[µ̂|µ] = Var[µ̂|µ] + (Bias[µ̂|µ])2
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U n f o l d i n g  &  R e g u l a r i z a t i o n

•The maximum likelihood solution for an unfolding problem yields highly oscillatory solutions 

• The inverse of transfer matrix has high condition number, the problem is “ill-posed”  

• Solution: Tikhonov regularization 

• Yields more physical solutions, smaller MSE, but they are biased (bias-variance trade off)

39http://g2s3.com/labs/notebooks/inverseProblemPrototype.html

True distribution Noisy data Unfolded distribution 

UNFOLD ING



R e g u l a r i z a t i o n

•Fitting 10 data points to polynomials of degree M 

• Intuitive example of “overfitting” if M is large 

• Lower order polynomial a “hard” form of 
regularization / inductive bias 

• Leads to bias if true solution isn’t a low-order 
polynomial 

•

40

1.1. Example: Polynomial Curve Fitting 7
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Figure 1.4 Plots of polynomials having various orders M , shown as red curves, fitted to the data set shown in
Figure 1.2.

(RMS) error defined by
ERMS =

√
2E(w⋆)/N (1.3)

in which the division by N allows us to compare different sizes of data sets on
an equal footing, and the square root ensures that ERMS is measured on the same
scale (and in the same units) as the target variable t. Graphs of the training and
test set RMS errors are shown, for various values of M , in Figure 1.5. The test
set error is a measure of how well we are doing in predicting the values of t for
new data observations of x. We note from Figure 1.5 that small values of M give
relatively large values of the test set error, and this can be attributed to the fact that
the corresponding polynomials are rather inflexible and are incapable of capturing
the oscillations in the function sin(2πx). Values of M in the range 3 ! M ! 8
give small values for the test set error, and these also give reasonable representations
of the generating function sin(2πx), as can be seen, for the case of M = 3, from
Figure 1.4.

From C. Bishop’s PRML book
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10 1. INTRODUCTION
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Figure 1.7 Plots of M = 9 polynomials fitted to the data set shown in Figure 1.2 using the regularized error
function (1.4) for two values of the regularization parameter λ corresponding to ln λ = −18 and ln λ = 0. The
case of no regularizer, i.e., λ = 0, corresponding to ln λ = −∞, is shown at the bottom right of Figure 1.4.

may wish to use relatively complex and flexible models. One technique that is often
used to control the over-fitting phenomenon in such cases is that of regularization,
which involves adding a penalty term to the error function (1.2) in order to discourage
the coefficients from reaching large values. The simplest such penalty term takes the
form of a sum of squares of all of the coefficients, leading to a modified error function
of the form

Ẽ(w) =
1
2

N∑

n=1

{y(xn,w) − tn}2 +
λ

2
∥w∥2 (1.4)

where ∥w∥2 ≡ wTw = w2
0 + w2

1 + . . . + w2
M , and the coefficient λ governs the rel-

ative importance of the regularization term compared with the sum-of-squares error
term. Note that often the coefficient w0 is omitted from the regularizer because its
inclusion causes the results to depend on the choice of origin for the target variable
(Hastie et al., 2001), or it may be included but with its own regularization coefficient
(we shall discuss this topic in more detail in Section 5.5.1). Again, the error function
in (1.4) can be minimized exactly in closed form. Techniques such as this are knownExercise 1.2
in the statistics literature as shrinkage methods because they reduce the value of the
coefficients. The particular case of a quadratic regularizer is called ridge regres-
sion (Hoerl and Kennard, 1970). In the context of neural networks, this approach is
known as weight decay.

Figure 1.7 shows the results of fitting the polynomial of order M = 9 to the
same data set as before but now using the regularized error function given by (1.4).
We see that, for a value of lnλ = −18, the over-fitting has been suppressed and we
now obtain a much closer representation of the underlying function sin(2πx). If,
however, we use too large a value for λ then we again obtain a poor fit, as shown in
Figure 1.7 for lnλ = 0. The corresponding coefficients from the fitted polynomials
are given in Table 1.2, showing that regularization has the desired effect of reducing

•Alternatively, allow higher order polynomials and 
regularize coefficients  to keep them small. 

• Penalized least squares / ridge regression 

• Shrinkage / bias
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G a u s s i a n  P r o c e s s e s

•A more extreme version of this strategy is to use Gaussian Processes 

• Consider all possible functions (no analytic, parametric form assumed) 

• Then put a prior over space of all possible functions defined by: 

• A Mean function   

• A covariance kernel  which quantifies  

•  

•Physicist then models the mean  and covariance kernel  

• Fit of GP model to data has explicit, unique answer (just linear algebra)

μ(x)

Σ(x, x′ ) cov[ f(x), f(x′ )]

f(x) ∼ GP(μ, Σ)

μ(x) Σ(x, x′ )

41
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GAUSSIAN PROCESSES

https://speakerdeck.com/dfm/pydata-time-series-analysis-gps-and-exoplanets

The choice of kernel
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GAUSSIAN PROCESSES
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GAUSSIAN PROCESSES
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GAUSSIAN PROCESSES
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signal variability noise data
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https://indico.cern.ch/event/395374/timetable/#41-scalable-gaussian-processes


A n  e x o p l a n e t  E x a m p l e
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G a u s s i a n  P r o c e s s e s  f o r  H E P

•Instead of fitting the dijet spectrum with an ad hoc 3-5 parameter function, use 
GP with kernel motivated from physics

45

5

FIG. 6: The ATLAS 13 TeV dijet dataset with (top)
Gaussian Process fit and (bottom) 3 parameter fit

function fit

PERFORMANCE

Background only fit: no signal

• Show fits to BG only (ATLAS + toy), compare GP
to 3-param function

• Show tests as function of luminosity

A requirement of the background estimation procedure
is to produce a smooth background given any dataset.
Our first test of this is to fit each of the 10000 toys cre-
ated with the smoothed data with our Gaussian Process
and 3 parameter fit function, with the results shown in
figure 7. The Gaussian Process and 3 parameter fit func-
tion appear to perform similarly.
For each fit to a toy, we calculate the �

2 goodness of
fit. The distribution of �2 for both Gaussian Process and
parametric fits is shown in Figure 8.
A second test that our Gaussian Process must pass is

its ability to fit at higher luminosity. For this, we scale
the smoothed data to luminosities of 5, 10, 15, 20, 25,
30, 35, 40, 45, and 50 fb

�1, and then generate 1000 toys
at each luminosity. For each fit, we calculate the �

2. We
then show the median and standard deviation of the �

2

across all toys as a function of luminosity in Figure 9.

Other plots

• compare refitting all hyperparameters to not refit-
ting any (only scaling the mean function up with
luminosity) for the luminosity test. Current don’t
refit any

• distribution of �2 for each luminosity

• using GP covariance matrix in calculation of �
2

rather then just sqrt(obs).

Background only fit: with signal

• show that we can extract background when there
is a signal

• show GP signal can accurately pick out signal even
on odd signal shapes

Our background estimation procedure must not only be
able to produce a smooth background on datasets with-
out signal, but must be able to handle extracting back-
ground even when a signal is present. Previously, the
fit functions used were not flexible enough to include a
large signal. If a signal was present in data and there-
fore produced a poor background estimation, an itera-
tive procedure to remove the signal and extrapolate the
fit in the area of the removed signal was performed. To

3

FIG. 1: Three parameter covariance

FIG. 2: Gaussian Process covariance

in to the paper may be tricky

• essentially, does our Gaussian Process have features
we’d expect from JES/PDF e↵ects

To better construct a kernel, we can also include our un-
derstanding of detector e↵ects and physics e↵ects. We
look at the covariance matrix of the 3 parameter fit func-
tion by fitting the ATLAS dataset and using Markov
Chain Monte Carlo [cite emcee?] to sample the posterior
(Fig 1). One can see a visible structure in the covariance,
suggesting the inflexibility of the fit function causes an-
chor points which the fit pivots around. This hints that
the parametric fits have some sort of inherent structure
that is not grounded in any physical properties of the
distribution.

As a comparison, the covariance matrix created from
posterior samples from the Gaussian Process fit to the
ATLAS dataset show less correlation between points at
higher mass (Fig 2). The correlation seems constrained
to diagonal, with the o↵ diagonal dying o↵ quickly.

We can now look at two e↵ects; jet energy scale (JES)
and parton density function (PDF) e↵ects. JES e↵ects
smear out the spectrum due to uncertainty on the mea-
sured energy of the jet. To model this, we use a Gaus-
sian kernel of various widths and means to smear out our

FIG. 3: JES Covariance Structure

FIG. 4: PDF Covariance Structure

distribution, and create a covariance matrix from these
samples (Fig 3). One can see a high degree of correlation
across all points in the distribution.
PDF e↵ects were implemented in the paper [cite] by

taking the 8 TeV dijet analysis data [cite] and comput-
ing a covariance matrix from applying di↵erent PDF sets
(Fig 4).
For comparison, we also create a covariance from a

Sliding Window Fit (SWiFt). The SWiFt solution to
the problems with fitting at high luminosities is to fit the
parametric form within smaller segments of the distribu-
tion, and piece together a final background estimation
across the whole spectrum. This method should create a
covariance structure which is limited to the diagonal and
zero in the o↵ diagonal, as each fit includes only a small
portion of the distribution. Indeed this is what we see in
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To better construct a kernel, we can also include our un-
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look at the covariance matrix of the 3 parameter fit func-
tion by fitting the ATLAS dataset and using Markov
Chain Monte Carlo [cite emcee?] to sample the posterior
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suggesting the inflexibility of the fit function causes an-
chor points which the fit pivots around. This hints that
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As a comparison, the covariance matrix created from
posterior samples from the Gaussian Process fit to the
ATLAS dataset show less correlation between points at
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FIG. 5: SWiFt Covariance Structure

• comparing covariance at low mass, mid mass, and
high mass as a function of mjj i.e. 1st row, middle
row, and last row of covariance matrix

• fit function parameter corner plots. 1D distribu-
tions of fit function parameters from posterior sam-
ples. 2D distributions (i.e. p0 vs p1, p0 vs p2, p1 vs
p2) of fit function parameters from posterior sam-
ples.

• fit function bin counts corner plots. 1D distribu-
tions of bin values from posterior samples. 2D dis-
tributions (i.e. bin1 vs bin 2, bin 1 vs bin 20...) of
bin values from posterior samples

• covariance plots for GP and fit function when fit to
smooth 5 param fit function with Poisson errors

• covariance plots and fit for GP using two di↵erent
kernels: fit function kernel (kernel is fit function at
x times fit function at x’) and exponential curve fit
from paper [cite] where they have no mean and try
to use kernel to cover large data range.

Mean function

• what are we using as our mean function and why

We use a 3-parameter dijet fit functions as our mean
function, which is given in Eq. 3, where s is the center
of mass energy. . This is chosen as it is the lowest order
fit function used in the 13 TeV dijet analyses. Because
Gaussian Processes are so flexible, the choice of mean
function does not need to be precise, as in we do not
need to go through similar procedures to the dijet anal-
yses in order to choose the best fit function. Rather, the
mean should be roughly corresponding to the underlying
structure of the distribution, while the covariance func-
tion will take care of modeling the fluctuations.

µ(x) = p0 ⇥ (1� xp
s
)p1 ⇥ (

xp
s
)p2 (3)

PROCEDURE

• more mathematical description of GP

• what packages are we using

• what is defined as the background estimate for a
Gaussian Process

In this paper, we use the Python library called george
for our Gaussian Process regression [cite george]. George
must be given a kernel and some initial hyperparameters,
as well as the independent coordinates. In our setup,
there are several hyperparameters to be fitted, which in-
clude the five kernel parameters (a, b, c, d, and some
overall amplitude we call A,) and our three mean pa-
rameters (p0, p1, p2), as seen in Eq. 2 and Eq. 3. To
get these hyperparameters, we pass the negative log like-
lihood of the fit into Minuit minimizer[cite]. The log
likelihood is Gaussian in nature and given by �ln(L) =
1
2 (ln(|⌃(x, x)|) + (y� µ(x))T⌃(x, x)�1(y� µ(x)) + const

where ⌃, µ are the kernel and mean function evaluated
at the independent coordinates, and y is the data. Our
final background estimation is the mean of the condi-
tional distribution of the Gaussian Process, given by
m = µ(x0) + ⌃(x, x0)[⌃(x, x) + �

2
I]�1(y � µ(x)) where

⌃, µ are once again the kernel and mean function, x is the
independent coordinates, y is data, and x’ is the indepen-
dent coordinates the conditional distribution should be
evaluated at.

DATASETS

• 13 TeV ATLAS dataset, see Fig ??.

• toy mc. Take 5-param function, fit to 13 TeV AT-
LAS dataset (cite) see Fig ??, then generate 1000
data samples.

The base dataset used to fit is a 13 TeV ATLAS dataset
of 3.6fb�1 [cite]. To test the e↵ectiveness of our Gaussian
Process, we perform a set of tests that we compare our
Gaussian Process to the standard fit function approach
using a 3 parameter fit function (Eq. 3). As a first check,
we compare the fits to the ATLAS dataset, with the re-
sults shown in figure 6.
We also compare Gaussian Process and parametric fits

on toy datasets. These toys are generated from smoothed
data.

+ Jet Energy Scale

+ Parton Density  
Functions

Final Kernel = 

Poisson stats 
+ Mass Resolution

with Meghan Frate & Daniel Whiteson 
 https://arxiv.org/abs/1709.05681 

=

+ 
…

+ 
…

https://arxiv.org/abs/1709.05681


B u m p  H u n t s

•Classic bump hunt scans across a mass window 
looks for an excess in a localized region  

• (usually 2-3x the mass resolution) 

• Very mild “bias” on type of signal models 

• Number counting in the window, no signal 
shape 

•A narrow resonance search can add sensitivity by 
using shape information  

• Excess should be consistent with resolution 

• Model dependence (width << resolution) 
46
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G a u s s i a n  P r o c e s s  f o r  l o c a l i z e d  s i g n a l s

•The classic bump hunt will not distinguish between these two 
situations with same number of events in mass window 

• Left is not physical, width of excess << resolution 

• Right is physical 

•With Gaussian processes we can specify signal to be a localized 
excess of width  centered around  and mass resolution  
without having to specify the exact shape of the signal 

t m l
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FIG. 14: Top, an example fit with both a GP
background and signal model to toy data with injected
triangular signal. The panes below show the significance
of residuals between the toy data and the background
model, the toy data and the background-and-signal

model. Bottom, the residuals between the toy data and
the background model, overlaid with the injected signal

and the fitted GP signal.

of signal hypotheses. This is not fundamentally di↵erent
than the look-elsewhere e↵ect that arises from consid-
ering a signal model with an unknown mass or width,
though it is in a non-parametric setting. While both GP
and the the simple example of an unknown mass corre-
spond to an infinite number of signal hypotheses, they
are highly correlated and the e↵ective trials factor is fi-
nite [42, 43].

Fundamentally, the fact that some parameters of the

FIG. 15: Top, an example fit with both a GP
background and signal model to toy data with injected
square signal. The panes below show the significance of
residuals between the toy data and the background
model, the toy data and the background-and-signal

model. Bottom, the residuals between the toy data and
the background model, overlaid with the injected signal

and the fitted GP signal.

signal model (e.g. mass and width) have no e↵ect in the
background only-case (in statistics jargon, they are not
identified under the null [44]) means that the conditions
necessary for Wilks’s theorem are not satisfied and the
log likelihood ratio distribution will not take on the chi-
square form. While there are approaches to estimate the
asymptotic distribution of the likelihood ratio test statis-
tic for signal models with one or a few parameters [42, 43],
we are not aware of an asymptotic theory in the case of

x x

https://arxiv.org/abs/1709.05681



T h e  p a p e r
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https://arxiv.org/abs/1709.05681



Ta k e a w a y s

•Main takeaways from those slides: 

• Bias-variance tradeoff: Allowing for some bias may lead to better solutions 

• Regularization is a technique for biasing models towards well behaved 
solutions 

• We already do this in several settings where the thing we are estimating is 
more complicated than a single number (e.g. unfolding)  

• We can build models for the signal that aren’t based on QFT, but on other 
descriptive properties  

• e.g. smooth, localized excess comparable with detector resolution 
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Statistical Decision Theory



S t a t i s t i c a l  D e c i s i o n  t h e o r y

51

• Θ - States of nature;      

• Background-only is true 

• BSM Theory 1 is true 

• BSM Theory 2 is true

http://theoryandpractice.org/stats-ds-book/statistics/statistical_decision_theory.html 

http://theoryandpractice.org/stats-ds-book/statistics/statistical_decision_theory.html


S t a t i s t i c a l  D e c i s i o n  t h e o r y
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• X - possible observations; 

• Data from LHC and other experiments

• Θ - States of nature;      

• Background-only is true 

• BSM Theory 1 is true 

• BSM Theory 2 is true

http://theoryandpractice.org/stats-ds-book/statistics/statistical_decision_theory.html 
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S t a t i s t i c a l  D e c i s i o n  t h e o r y

51

• X - possible observations; 

• Data from LHC and other experiments

• A - action to be taken 
• claim a discovery  

• build a muon collider  

• build next hadron collider

• Θ - States of nature;      

• Background-only is true 

• BSM Theory 1 is true 

• BSM Theory 2 is true

http://theoryandpractice.org/stats-ds-book/statistics/statistical_decision_theory.html 
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S t a t i s t i c a l  D e c i s i o n  t h e o r y

51

• X - possible observations; 

• Data from LHC and other experiments

• A - action to be taken 
• claim a discovery  

• build a muon collider  

• build next hadron collider

• Θ - States of nature;      

• Background-only is true 

• BSM Theory 1 is true 

• BSM Theory 2 is true

•p(x|θ) - statistical model (likelihood);  

• Predictions of QFT + detector simulation etc. 

•π(θ) - prior 

• You don’t need this for frequentist statistical statements, but you will probably need it for making decisions ! 

http://theoryandpractice.org/stats-ds-book/statistics/statistical_decision_theory.html 

http://theoryandpractice.org/stats-ds-book/statistics/statistical_decision_theory.html


S t a t i s t i c a l  D e c i s i o n  t h e o r y

•δ: X → A - decision rule (take some action based on observation) 

• Some data analysis pipeline (either model-dependent or model-independent) that might claim “discovery” 

• The community planning process (e.g. Snowmass, European strategy, etc.); Lab decisions  

•L: Θ x A → ℝ - loss function, real-valued function true parameter and action 

• Usually not made explicit.  

• Claim discovery when new physics is there +++; Claim discovery when no new physics - - -; Build collider that doesn’t discover what was 
anticipated ???
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S t a t i s t i c a l  D e c i s i o n  t h e o r y

• Θ - States of nature;     X - possible observations;      A - action to be taken 

• p(x|θ) - statistical model (likelihood);          π(θ) - prior 

• δ: X → A - decision rule (take some action based on observation) 

• L: Θ x A → ℝ - loss function, real-valued function true parameter and action
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S t a t i s t i c a l  D e c i s i o n  t h e o r y

• Θ - States of nature;     X - possible observations;      A - action to be taken 

• p(x|θ) - statistical model (likelihood);          π(θ) - prior 

• δ: X → A - decision rule (take some action based on observation) 

• L: Θ x A → ℝ - loss function, real-valued function true parameter and action

52

•R(θ,δ) = Ep(x|θ)[L(θ, δ)] - risk 

• Function of both θ and δ. We don’t know true value of θ! 

• If R(θ,δ1) < R(θ,δ2) for all θ, then δ1 “dominates” δ2, and δ2 is “inadmissible” 

• But usually one rule is better for some θ, while the other is better for other values of θ 

• Mini-max strategy: choose δ that minimizes risk over all θ — very conservative.  

•r(π, δ) = Eπ(θ)[ R(θ,δ)] - Bayes risk  (expectation over θ w.r.t. prior and possible observations) 

• Bayes rule: choose δ that minimize Bayes risk (w.r.t. prior π).  

• Also averages over potential data, so you can choose δ before seeing the data X 

•ρ(π, δ | x ) = Eπ(θ|x)[ L(θ,δ(x))] - expected loss (expectation over θ w.r.t. posterior π(θ|x) ) 

• Here decision is conditioned on the data you actually collect. Still depends on prior π.
http://theoryandpractice.org/stats-ds-book/statistics/statistical_decision_theory.html 
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• Θ - States of nature;     X - possible observations;      A - action to be taken 

• p(x|θ) - statistical model (likelihood);          π(θ) - prior 

• δ: X → A - decision rule (take some action based on observation) 

• L: Θ x A → ℝ - loss function, real-valued function true parameter and action
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• Priors used for decision making are subtly 
different than priors for making statistical 
statements about the data.  

• It’s our risk / loss, so natural we get to use 
our own prior when making decisions.  

• Usually there implicitly in human decisions 

• Without prior, what is the principle?•R(θ,δ) = Ep(x|θ)[L(θ, δ)] - risk 

• Function of both θ and δ. We don’t know true value of θ! 

• If R(θ,δ1) < R(θ,δ2) for all θ, then δ1 “dominates” δ2, and δ2 is “inadmissible” 

• But usually one rule is better for some θ, while the other is better for other values of θ 

• Mini-max strategy: choose δ that minimizes risk over all θ — very conservative.  

•r(π, δ) = Eπ(θ)[ R(θ,δ)] - Bayes risk  (expectation over θ w.r.t. prior and possible observations) 

• Bayes rule: choose δ that minimize Bayes risk (w.r.t. prior π).  

• Also averages over potential data, so you can choose δ before seeing the data X 

•ρ(π, δ | x ) = Eπ(θ|x)[ L(θ,δ(x))] - expected loss (expectation over θ w.r.t. posterior π(θ|x) ) 

• Here decision is conditioned on the data you actually collect. Still depends on prior π.
http://theoryandpractice.org/stats-ds-book/statistics/statistical_decision_theory.html 
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Not optimal, but not wrong



T h u m b n a i l  S k e t c h  o f  A n a l y s i s

•We select a small subset of the collision events relevant for testing the 
hypotheses we are considering. 

•And we design a summary statistic s that can distinguish between different 
hypotheses we are considering.   

• Then we run simulated collisions through the pipeline to make  the prediction 
for the null or “background-only” hypothesis and quantify systematic 
uncertainties

54

predicted distribution for the null

↑ most of the work!

s



T h u m b n a i l  S k e t c h  o f  A n a l y s i s

•We select a small subset of the collision events relevant for testing the 
hypotheses we are considering. 

•And we design a summary statistic s that can distinguish between different 
hypotheses we are considering.   

• Then we run simulated collisions for a hypothetical particle or interaction to 
make the prediction for alternate or “signal-plus-background” model

55

predicted distribution for the alternate in Model A

s

~ easy



T h u m b n a i l  S k e t c h  o f  A n a l y s i s

•We select a small subset of the collision events relevant for testing the 
hypotheses we are considering. 

•And we design a summary statistic s that can distinguish between different 
hypotheses we are considering.   

• Then we add the observed data

56

predicted distribution for the alternate in Model A

s

observed data +



T h u m b n a i l  S k e t c h  o f  A n a l y s i s

•We select a small subset of the collision events relevant for testing the 
hypotheses we are considering. 

•And we design a summary statistic s that can distinguish between different 
hypotheses we are considering.   

• Then we test the hypothesis and write a paper
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predicted distribution for the alternate in Model A
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Model A Rejected



T h u m b n a i l  S k e t c h  o f  A n a l y s i s

•We select a small subset of the collision events relevant for testing the 
hypotheses we are considering. 

•And we design a summary statistic s that can distinguish between different 
hypotheses we are considering.   

• … and graduate students graduate, analysis code rots, and it would be difficult 
to reproduce or reuse this work
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predicted distribution for the alternate in Model A

s

observed data +

Model A Rejected



R e i n t e r p r e t a t i o n

•If we can capture the definition of the summary s(x) and the event selection, then 
we can reuse the existing analysis  

• We just need to run simulated events for Model B through the pipeline and 
test the new signal+background alternate hypothesis 

• In that sense, the original analysis isn’t “model-dependent” 

• Not optimal, but not wrong
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predicted distribution for the alternate in Model A → observed data +

s

Model A Rejected

Model B rejected

Model B

s
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T H E O R Y S E R V I C E

Model B rejected?



R E C A S T

•We proposed RECAST framework in Oct 2010

61

• People said it couldn’t be done, our workflows are too complicated 

• Hard to get effort to work on it. 

Orig Proposal in 2010: [arXiv.org:1010.2506] 

https://arxiv.org/abs/1010.2506


R E C A S T  i n  a c t i o n

62

A
T

L
-P

H
Y

S
-P

U
B

-2
0

2
0

-0
0

7

2
8
/

0
3
/

2
0
2
0

ATLAS PUB Note
ATL-PHYS-PUB-2020-007

27th March 2020

Reinterpretation of the ATLAS Search for
Displaced Hadronic Jets with the ������

Framework

The ATLAS Collaboration

A recent ATLAS search for displaced jets in the hadronic calorimeter is preserved in ������
and thereafter used to constrain three new physics models not studied in the original work.
A Stealth SUSY model and a Higgs-portal baryogenesis model, both predicting long-lived
particles and therefore displaced decays, are probed for proper decay lengths between a few
cm and 500 m. A dark sector model predicting Higgs and heavy boson decays to collimated
hadrons via long-lived dark photons is also probed. The cross-section times branching ratio
for the Higgs channel is constrained between a few millimetres and a few metres, while for
a heavier 800 GeV boson the constraints extend from tenths of a millimetre to a few tens of
metres. The original data analysis workflow was completely captured using virtualisation
techniques, allowing for an accurate and e�cient reinterpretation of the published result in
terms of new signal models following the ������ protocol.

© 2020 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.

•ATLAS has started using RECAST to reinterpret SUSY and exotics searches 

• Also relevant for exotic BSM Higgs scenarios
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•ATLAS has started using RECAST to reinterpret SUSY and exotics searches 

• Also relevant for exotic BSM Higgs scenarios



R E C A S T  +  M U S i C

•These signature based searches have some 
sensitivity, but it is often unclear how to 
interpret them 

• Do they exclude a particular theory? 

•Pairing with RECAST addresses this
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Available on the CERN CDS information server CMS PAS EXO-19-008

CMS Physics Analysis Summary

Contact: cms-pag-conveners-exotica@cern.ch 2020/05/21

MUSiC, a model unspecific search for new physics, in pp
collisions at

p
s = 13 TeV

The CMS Collaboration

Abstract

Results of the Model Unspecific Search in CMS (MUSiC) using data recorded by the
CMS detector at the LHC, during proton-proton collisions at a center of mass energy
of

p
s = 13 TeV in 2016 and corresponding to an integrated luminosity of 35.9 fb�1,

are presented. The MUSiC analysis aims to search for anomalies that could be probed
as signatures for phenomena beyond the standard model, and is based on the com-
parison of data with the expectation according to the standard model, determined
from simulations, in several hundred final states and multiple kinematic distribu-
tions. Events containing at least one lepton are classified based on their final state
topology, and an automated search algorithm subsequently surveys the data for de-
viations from the expectation. The sensitivity of the search is validated using multiple
methods. No significant deviations beyond the expectations have been found. For a
wide range of final state topologies, good agreement is found between the data and
simulation of the standard model.

8

can be constructed from the selected objects.

3. Jet-inclusive event classes are defined as inclusive classes but restrict additional allowed
objects to jets. Higher jet multiplicities are not expected to be accurately described in the
simulation, and thus all exclusive classes with five or more jets are instead assigned to
the X + 5jets + Njets class.

There is no explicit limit placed on the number of objects, and consequently on the number of
event classes, except for the case of jets, where it is set to five. Events with greater than five
jets can still enter the inclusive and jet-inclusive event classes. The construction of event classes
from the physics object content of the final state, using the example of an event containing
1e + 2µ + 1jet, is illustrated in Fig. 1.
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Figure 1: Classification of a single event (red square) containing one electron, two muons, and
one jet. This event will contribute to precisely one exclusive (green), and several inclusive
(blue) and jet-inclusive (orange) event classes.

All exclusive event classes are statistically independent of each other and can be regarded as
uncorrelated (counting) experiments. This is not the case for the inclusive event classes, where
a single given event will generally end up in more than one event class. The resulting direct
correlations are taken into account while performing the statistical analysis, with the exception
of correlations in the statistical uncertainties in the simulated data events, which are assumed
to be negligible. In the presence of a possible signal, it is a priori unknown how the same
events populate different inclusive and jet-inclusive event classes, and therefore further inter-
pretation of the results of the statistical analysis would need to take into account the possible
consequences of such an effect.

5.2 Kinematic distributions of interest

Although signs of new physics can in principle become visible in many different event vari-
ables, three are chosen for this analysis that seem especially promising in terms of sensitivity to
phenomena at high transverse momenta predicted by a large number of BSM scenarios. This
choice also prevents making the analysis overly complex, as might result from the addition of
more kinematic distributions. The three chosen kinematic distributions are:

1. ST = Â |~pT|: The sum of pT of all the physics objects that are considered for that event
class is the most general variable of the three. It is calculated for every event passing the
analysis requirements, and includes p

miss
T when applicable. This observable quantifies the
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Figure 9: Overview of total contributions (single bin) for the double electron object group (top)
and for the single muon + p

miss
T object group (bottom). The numbers on the top of each bin

indicate the observed p-value for the agreement of data and simulation for the corresponding
event class.
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CMS Physics Analysis Summary

Contact: cms-pag-conveners-exotica@cern.ch 2020/05/21

MUSiC, a model unspecific search for new physics, in pp
collisions at

p
s = 13 TeV

The CMS Collaboration

Abstract

Results of the Model Unspecific Search in CMS (MUSiC) using data recorded by the
CMS detector at the LHC, during proton-proton collisions at a center of mass energy
of

p
s = 13 TeV in 2016 and corresponding to an integrated luminosity of 35.9 fb�1,

are presented. The MUSiC analysis aims to search for anomalies that could be probed
as signatures for phenomena beyond the standard model, and is based on the com-
parison of data with the expectation according to the standard model, determined
from simulations, in several hundred final states and multiple kinematic distribu-
tions. Events containing at least one lepton are classified based on their final state
topology, and an automated search algorithm subsequently surveys the data for de-
viations from the expectation. The sensitivity of the search is validated using multiple
methods. No significant deviations beyond the expectations have been found. For a
wide range of final state topologies, good agreement is found between the data and
simulation of the standard model.



R E C A S T  +  S T X S  o v e r c o m e s  m o d e l  d e p e n d e n c e

•The model dependence in 
STXS mainly connected to 
how results are conveyed.  

• The phase space 
regions are just phase 
space regions, they 
don’t assume any model 

• Paired with RECAST one 
could reinterpret any 
model using the STXS 
phase space regions 

•
64

Di↵erent analysis strategies

Highly optimised analyses targeting specific properties / operators
! “best possible” sensitivity
! very model specific

Fiducial and di↵erential cross section measurements
! minimise model dependence
! relatively restricted sensitivity (hard to combine di↵erent channels)
! re-interpretable outside experiment

Di↵erential measurements in experimentally sensitive observables per
production mode (STXS)
! model dependence from production mode definition
! easy combination of di↵erent Higgs decay channels ! sensitivity to

large number of EFT operators
! re-interpretable outside experiment

Saskia Falke Inputs to EFT fits 29/10/2020 3 / 22



R E C A S T  &  C o m b i n a t i o n s

•Combining multiple searches is a strategy to enhance sensitivity  

• But a protocol is needed to combine different analyses 

• A likelihood-based combination is a natural protocol, but it requires knowing how the 
signal will populate all the different analyses  

• A model-independent combination isn’t unique and may hurt sensitivity 

• With RECAST can run any signal through each analysis and then combine 

65

ftot(Dsim,G|↵) =
Y

c2channels

"
Pois(nc|⌫c(↵))

ncY

e=1

fc(xce|↵)

#
·
Y

p2S
fp(ap|↵p)

4

 [GeV]γγm
100 110 120 130 140 150 160

Ev
en

ts
 / 

G
eV

100

200

300

400

500

600

700

800 Data 2011

Total background

=125 GeV, 1 x SMHm

ATLAS

-1 Ldt = 4.9 fb∫ = 7 TeV, s

γγ→H

(a)

 [GeV]llllm
0 100 200 300 400 500 600

Ev
en

ts
 / 

10
 G

eV

0

2

4

6

8

10

12

14
Data 2011

Total background

=125 GeV, 1 x SMHm

ATLAS

-1 Ldt = 4.8 fb∫ = 7 TeV, s

4l→
(*)ZZ→H

(b)

 [GeV]llllm
100 120 140 160 180 200 220 240

Ev
en

ts
 / 

5 
G

eV

0

2

4

6

8

10

12 Data 2011

Total background

=125 GeV, 1 x SMHm

ATLAS

-1 Ldt = 4.8 fb∫ = 7 TeV, s

4l→
(*)ZZ→H

(c)

 [GeV]Tm
200 300 400 500 600 700 800 900

Ev
en

ts
 / 

50
 G

eV

0
10
20
30
40
50
60
70
80
90

Data 2011

Total background

=350 GeV, 1 x SMHm

ATLAS -1 Ldt = 4.7 fb∫ = 7 TeV, sννll→ZZ→H

(d)

   [GeV]llbbm
200 300 400 500 600 700 800

Ev
en

ts
 / 

18
 G

eV

1

2

3

4

5

6

7

8
Data 2011

Total background

=350 GeV, 1 x SMHm

ATLAS

-1 Ldt = 4.7 fb∫ = 7 TeV, s

llbb→ZZ→H

(e)

 [GeV]lljjm
200 300 400 500 600 700 800

Ev
en

ts
 / 

20
 G

eV

0
20
40
60
80

100
120
140
160
180
200

Data 2011

Total background

=350 GeV, 1 x SMHm

ATLAS

-1 Ldt = 4.7 fb∫ = 7 TeV, s

llqq→ZZ→H

(f)

 [GeV]Tm
60 80 100 120 140 160 180 200 220 240

Ev
en

ts
 / 

10
 G

eV

0
10
20
30
40
50
60
70
80
90

100

-1 Ldt = 4.7 fb∫ = 7 TeV, s

ATLAS
Data 2011

=125 GeV, 1 x SMHm

Total background

+0jνlνl→WW→H

(g)

 [GeV]Tm
60 80 100 120 140 160 180 200 220 240

Ev
en

ts
 / 

10
 G

eV

0

5

10

15

20

25

30

-1 Ldt = 4.7 fb∫ = 7 TeV, s

ATLAS Data 2011

=125 GeV, 1xSMHm

Total background

+1jνlνl→WW→H

(h)

 [GeV]Tm
50 100 150 200 250 300 350 400 450

Ev
en

ts
 / 

10
 G

eV

0
0.5

1
1.5

2
2.5

3
3.5

4
4.5

5

-1 Ldt = 4.7 fb∫ = 7 TeV, s

ATLAS Data 2011

=125 GeV, 1 x SMHm

Total background

+2jνlνl→WW→H
Not final selection

(i)

 [GeV]jjνlm
300 400 500 600 700 800 900 1000

Ev
en

ts
 / 

10
 G

eV

0

20

40

60

80

100

120

Data 2011

Total background

=350 GeV, 1 x SMHm

ATLAS

-1 Ldt = 4.7 fb∫ = 7 TeV, s

qq+0jνl→WW→H

(j)

 [GeV]jjνlm
300 400 500 600 700 800 900 1000

Ev
en

ts
 / 

10
 G

eV

0

20

40

60

80

100

Data 2011

Total background

=350 GeV, 1 x SMHm

ATLAS

-1 Ldt = 4.7 fb∫ = 7 TeV, s

qq+1jνl→WW→H

(k)

 [GeV]jjνlm
300 400 500 600 700 800 900 1000

Ev
en

ts
 / 

10
 G

eV

0

5

10

15

20

25

30

35

Data 2011

Total background

=350 GeV, 1 x SMHm

ATLAS

-1 Ldt = 4.7 fb∫ = 7 TeV, s

qq+2jνl→WW→H

(l)

FIG. 1. Invariant or transverse mass distributions for the selected candidate events, the total background and the signal expected
in the following channels: (a) H → γγ, (b) H → ZZ(∗) → ℓ+ℓ−ℓ+ℓ− in the entire mass range, (c) H → ZZ(∗) → ℓ+ℓ−ℓ+ℓ− in
the low mass range, (d) H → ZZ → ℓ+ℓ−νν, (e) b-tagged selection and (f) untagged selection for H → ZZ → ℓ+ℓ−qq, (g) H →
WW (∗) → ℓ+νℓ−ν+0-jets, (h) H → WW (∗) → ℓ+νℓ−ν+1-jet, (i) H → WW (∗) → ℓ+νℓ−ν+2-jets, (j) H → WW → ℓνqq′+0-
jets, (k) H → WW → ℓνqq′+1-jet and (l) H → WW → ℓνqq′+2-jets. The H → WW (∗) → ℓ+νℓ−ν+2-jets distribution is
shown before the final selection requirements are applied.
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FIG. 2. Invariant or transverse mass distributions for the selected candidate events, the total background and the signal expected
in the following channels: (a) H → τlepτlep+0-jets, (b) H → τlepτlep 1-jet, (c) H → τlepτlep+2-jets, (d) H → τlepτhad+0-jets and
1-jet, (e) H → τlepτhad+2-jets, (f) H → τhadτhad. The bb invariant mass for (g) the ZH → ℓ+ℓ−bb̄, (h) the WH → ℓνbb̄ and (i)
the ZH → ννbb̄ channels. The vertical dashed lines illustrate the separation between the mass spectra of the subcategories in
pZT, p

W
T , and Emiss

T , respectively. The signal distributions are lightly shaded where they have been scaled by a factor of five or
ten for illustration purposes.



T h e  s p e c t r u m  r e v i s i t e d

•Gaussian Processes allow us to specify model in a language other than QFT that captures 
intuitive physics. Other approaches along these lines are possible & should be developed. 

•RECAST allows us to reuse analyses for other purposes, decouple original motivation
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Gaussian Processes  
/ Regularized ML
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•Gaussian Processes allow us to specify model in a language other than QFT that captures 
intuitive physics. Other approaches along these lines are possible & should be developed. 
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R e c o n s t r u c t i n g  t h e  H i g g s  b y  e x p l o i t i n g  c a u s a l  s t r u c t u r e

68

m4l = E2
after

/c4 − | ⃗pafter |2 /c2

• Don’t believe the media:

EHiggs = Ebefore = Eafter =
X

i

Ei

~pHiggs = ~pbefore = ~pafter =
X

i

~pi

E 6= mc2

E2 = (mc2)2 + (|~p|c)2
What Einstein really said:

Every physics student knows energy and momentum are conserved

Thus, we can estimate the mass of the Higgs particle with

mH =
q

E2
after/c

4 � |~pafter|2/c2
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Pendulum



P(theory | data)    P(data | theory) P(theory)∝
— Thomas Bayes



Traditional approaches in physics 
• hand-crafted data analysis 
• largely guided by expert knowledge 
and theoretical insights



Big Data & Deep Learning 
• eschew expert knowledge 
• end-to-end learning 
• data-driven 





All models are wrong,  
and increasingly you can succeed without them. 

— Peter Norvig
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Kyle Cranmer (NYU) Stanford Statistics, Oct 14, 2014 

STATISTICAL DECISION THEORY 

& 

JAMES-STEIN ESTIMATOR

82



C r a m é r- R a o  B o u n d

The minimum variance bound on an unbiased estimator is given by the Cramér-Rao bound: 

Fisher information matrix (is also a Riemannian metric! ) 

Maximum Likelihood Estimators asymptotically reach this bound

83

Iij [✓] = �E

@2 log p(x|✓)

@✓i @✓j

����✓
�

<latexit sha1_base64="g/yGE2WZrEO614afaefWH/8ufsA="></latexit><latexit sha1_base64="+5lkZE1RbnMeeuV51QBFejEXZIc="></latexit><latexit sha1_base64="+5lkZE1RbnMeeuV51QBFejEXZIc="></latexit><latexit sha1_base64="iZaDubTp++IBwkDqOQAA799ErlM="></latexit>

cov[✓̂|✓0]ij � I�1
ij (✓0)

<latexit sha1_base64="HEHZsgt9Cap2MOHQu9LH79Yk+K8="></latexit><latexit sha1_base64="7ArMq8i3ed8AU18wzl9NP2PKMUg="></latexit><latexit sha1_base64="7ArMq8i3ed8AU18wzl9NP2PKMUg="></latexit><latexit sha1_base64="fCzwCis5+phyzn7DWvE/X0zdZIU="></latexit>

Expected error 
of best-fit parameter 

Inverse  of 
Fisher information



S TAT I S T I C A L  D E C I S I O N  T H E O R Y  I N  1  S L I D E

•Θ - States of nature;       X - possible observations;       

•A - action to be taken 

•f(x|θ) - statistical model;          π(θ) - prior 

•δ: X → A - decision rule (take some action based on observation) 

•L: Θ x A → ℝ - loss function, real-valued function true parameter 
and action 

•R(θ,δ) = Ef(x|θ)[L(θ, δ)] - risk 

•r(π, δ) = Eπ(θ)[ R(θ,δ)] - Bayes risk  (expectation over θ w.r.t. prior 
and possible observations)
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Decision rule that minimizes risk  
depends on unknown value of θ

Your risk, your prior



CRAMÉR-RAO BOUND

The minimum variance bound on an estimator is given by the Cramér-
Rao inequality: 
‣ simple univariate case: 

‣ For an unbiased estimator the Cramér-Rao bound states 

‣ where I(θ) is the Fisher information 

‣ General form for multiple parameters: 

Maximum Likelihood Estimators asymptotically reach this bound
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cov[✓̂|✓]ij � I�1
ij (✓)

Var[✓̂|✓] = E[(✓̂ � E[✓|✓])2] |✓]

Var[✓̂|✓] � 1

I(✓)

̂



J A M E S - S T E I N  E S T I M AT O R  

•Consider a standard multivariate Gaussian distribution for x⃗ 

in n dimensions centered around µ⃗ 

•Goal: minimize mean-squared error 
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f(~x|~µ) =
nY

i=1

1p
2⇡

exp

✓
� (xi � µi)2

2

◆
.

•MLE (unbiased) •James-Stein (weird)

MSE[~̂µ] = E[||~̂µ� ~µ||2])

µ̂JS =

✓
1� n� 2

||x̄||2

◆
x̄~̂µMLE = x =

1

m

mX

j=1

~xj



J A M E S - S T E I N  E S T I M AT O R

•The James-Stein estimator seems like a horrible suggestion 

• clearly biased (MLE is not) 

• shifts towards origin is not  
translationally invariant  
x → x’ = x+Δ
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✓
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J A M E S - S T E I N  E S T I M AT O R

•The James-Stein estimator seems like a horrible suggestion 

• clearly biased (MLE is not) 

• shifts towards origin is not  
translationally invariant  
x → x’ = x+Δ
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•Yet, it has smaller mean squared  
error than MLE for n>2 ! 

• it “dominates” the MLE

µ̂JS =

✓
1� n� 2

||x̄||2

◆
x̄



B I A S / VA R I A N C E  T R A D E O F F

•We introduced Bias and Variance of estimators 

•Most physicist are allergic to the idea of a biased estimator 

• try to find unbiased estimator with smallest variance 

• hence importance of Cramér-Rao bound 

•But what if we just want to minimize the mean-squared error? 

•it decomposes like this 

•So it encodes some relative weight to bias and variance. Think harder!
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MSE[µ̂|µ] = Var[µ̂|µ] + (Bias[µ̂|µ])2

MSE[µ̂|µ] = E[(µ̂� µ)2] |µ]

Var[µ̂|µ] = E[(µ̂� E[µ|µ])2] |µ]̂



S TAT I S T I C A L  D E C I S I O N  T H E O R Y  I N  1  S L I D E

•Θ - States of nature;     X - possible observations;      A - action to be taken 

•f(x|θ) - statistical model;          π(θ) - prior 

•δ: X → A - decision rule (take some action based on observation) 

•L: Θ x A → ℝ - loss function, real-valued function true parameter and action 

•R(θ,δ) = Ef(x|θ)[L(θ, δ)] - risk 

• A decision δ* rule  dominates a decision rule δ if and only if R(θ,δ*)≤ R(θ,δ) for all θ, and the inequality is strict for 
some θ. 

• A decision rule is admissible if and only if no other rule dominates it; otherwise it is inadmissible 

•r(π, δ) = Eπ(θ)[ R(θ,δ)] - Bayes risk  (expectation over θ w.r.t. prior and possible observations) 

•ρ(π, δ | x ) = Eπ(θ|x)[ L(θ,δ(x))] - expected loss (expectation over θ w.r.t. posterior π(θ|x) ) 

• δ’ is a (generalized) Bayes rule if it minimizes the expected loss 

• under mild conditions every admissible rule is a (generalized) Bayes rule (with respect to some prior — possibly an 
improper one and not necessarily your prior — that favors distributions  where that rule achieves low risk). Thus, in 
frequentist decision theory it is sufficient to consider only (generalized) Bayes rules. 

• Conversely, while Bayes rules with respect to proper priors are virtually always admissible, generalized Bayes rules 
corresponding to improper priors need not yield admissible procedures. Stein's example is one such famous 
situation.
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